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Our aim is to study the electron-positron vacuum pressures in presence of a strong mag- 
netic field B. To that end, we obtain a general energy-momentum tensor, depending on 
, external parameters, which in the zero temperature and zero density limit leads to vacuum 

■ expressions which are approximation-independent. Anisotropic pressures arise, and in the 

5^ ' tree approximation of the magnetic field case, the pressure along B is positive, whereas 

perpendicular to B it is negative. Due to the common axial symmetry, the formal analogy 
,^ , with the Casimir effect is discussed, for which in addition to the usual negative pressure 

CO . perpendicular to the plates, there is a positive pressure along the plates. The formal corre- 

spondence between the Casimir and black body energy-momentum tensors is analyzed. The 
I fermion hot vacuum behavior in a magnetic field is also briefly discussed. 
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(3 I. INTRODUCTION 
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fH , Our aim of the present paper is twofold: we are essentially interested in the study of quantum 

i 



vacuum (even fermion hot vacuum, see below) pressures and energies in presence of a constant 
O . external magnetic field B. But we have found that this problem can be considered as a particular 

case of a more general problem: the study of the energy-momentum tensor for QED when there 



^ . is a symmetry breaking in one (or more) spatial components, and/or the time component (as it is 

I the case of the Matsubara temperature formalism). 

Concerning the magnetized QED vacuum, we have not found explicit mention in previous 
literature to the fact that it exerts anisotropic pressures, with the remarkable characteristic of 
having positive as well as negative values. The anisotropy leads to a transfer of momentum from 
vacuum to real particles or macroscopic bodies. This transfer of momentum has been discussed in 
the case of a field having electric and magnetic components by starting from classical grounds . 
We have found that the problem of vacuum in a constant homogeneous magnetic field (which is 
physically realizable in small regions of QED vacuum in the more general case of B depending on 
the spatial coordinates) has some physical and methodological analogy with Casimir effect UQ]. 
In both problems appear negative as well as positive pressures, and they bear the common property 
of having axial symmetry determined respectively by the external field pseudo-vector B and the 
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vector perpendicular to the plates V^, = 2TTh/d, d being the distance between the plates. There 
are also, however, important physical differences among these problems, as indicated below. There 
is otherwise, a complete correspondence between the energy-momentum tensor in Casimir effect 
and in the blackbody radiation problem if coordinates X3,X4 are exchanged and the substitution 
kT tic/ 2d is made. Even more, there is a full correspondence between the so-called fermion 
hot vacuum in a magnetic field and the problem of a magnetic field perpendicular to the Casimir 
plates, discussed in Ref.^], and all these problems contain as a common property of having broken 
the symmetry of one (or more) space-time coordinates. Correspondingly, some symmetry breaking 
parameter appears through non-vanishing field derivatives, which makes some components of the 
four momentum vector to have discrete values as multiples of some characteristic parameter 
arising from the breaking of the symmetry . In the magnetic field and Casimir cases, the discrete 
values appear in some of the spatial components oi pi, {i = 1, 2, 3) and in the temperature case, it 
is Pi the discrete term. 



II. THE ENERGY-MOMENTUM TENSOR 



We discuss in what follows the vacuum energy-momentum tensor by starting from the quantum 
relativistic matter tensor in the temperature formalism, which contains the contribution of vacuum. 
Although initial calculations are made in Euclidean variables, where is taken as some "imaginary 
time", vectors and tensors will be written later by using covariant and contravariant indices. 

We will consider the usual QED Lagrangian density L at finite temperature T and with con- 
served number of fermions N = Tr^Q J d^x'ijj{'K)'ijj{x.), having associated chemical potential fi. One 
can write in an arbitrary moving frame the density matrix as 

where is the momentum four- vector, J'^ = Nu'^, and Ui, is the four- velocity of the medium. 
From p, working in the rest system (the spatial part of the four velocity vanish), by calling 
C = J d^xL, one gets the effective partition functional as 

Z = C(/3) J e" /o" / '^''''^-ffViA^Vi)V^lj5{G)DetV. (2) 

Here is the electromagnetic field, "0, ip are fermion fields, C(/3) is a normalization constant. The 
gauge condition is G and V is the (trivial) Fadeev- Popov determinant [3], P], ^- We have also 
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The fourth derivative of fermions is shifted in /x: the chemical potential enter into the density 
matrix through the vector ci^'* = fiu,^, and the temperature through cl^^ = Tuy. Then, in the 
rest system, the field operators depend on the coordinate "vectors" = (x, X4), multiplied by 
the "momentum" vectors Pmu = {v^Pi)-, where pi are the Matsubara frequencies, which are 2mrT 
for bosons and (2n + 1)ttT for fermions, where n = 0, ±1, ±2... By taking the quantum statistical 
average through the functional integration, indicated by the symbol << .. >>, we obtain the 
thermodynamical potential 

We observe that the statistical average leads to << / dx^J d?xLf.ff >>^ 0. 

The energy-momentum tensor of matter plus vacuum will be obtained as a diagonal tensor (no 
shearing stresses occur in our approximation) whose spatial part contains the pressures and the 
time component is minus the internal energy density —U. The total energy- momentum tensor is 
obtained after quantum averaging as 



T,^=«--—ai,,-5iL», (4) 

where the index i denotes the fields (either fermion or vector components). One easily gets << 
/ dxi J d^x{dL/dip,^)ip,i »= Tdn/dT + fidn/d^x. 

By assuming that some derivatives ai^\ are non vanishing quantities, one gets the thermody- 
namical expression 

ri = - a.-A-n^i, T^ = -{TS + fiN + n) = -U, (5) 

where Tij = 1,2,3) are the pressures and S = —dVl/dT is the entropy density, N = —di^/dfi 
is the density of particles and U the internal energy density. 

Relativistic quantum statistical averages in the limit T ^ 0, fi ^ (see e.g. Fradkin [lo| leads 
to the quantum field averages in vacuum, << .. >>^< .. >. The contribution of observable 
particles, given by the statistical term ^}s{T,fj,) in the expression for the total thermodynamic 
potential = Jig + ^Iq, vanishes in that limit. The remaining term leads to the zero point energy of 
vacuum ^}q. Thus in the limit T ^ 0, — > and < a^^^ >= © leads to the energy-momentum 
tensor of vacuum, where = —Q = —U is the vacuum energy density and the isotropic pressure 
are 

Ti = -n6) (6) 
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and we conclude that for the isotropic vacuum, if the energy density > 0, the pressures would be 
negative (and on the opposite, if 17 < 0, 7^* > 0) 

III. VACUUM ZERO POINT ENERGIES 

The solution of the Dirac equation for an electron (positron) in presence of an external magnetic 
field Bj for, say, j = 3, leads to the energy eigenvalues 



c^pI + rn?c^ + 2ehcBn, (7) 
where n = 0,1,2... are the Landau quantum numbers, p^ is the momentum component along 



the magnetic field B and m is t 
coordinates of the orbits center 



le electron mass. The system is degenerate with regard to the 



The spinor wavefunctions and spectrum have associated a 



characteristic length is \l{B) = yJhc/2eB, and this is valid also for the zero point modes of 
vacuum. The electron-positron zeropoint vacuum energy in an external electromagnetic field was 



obtained by Heisenberg and Euler 
density in the tree level approximation 



12l |. For the case of a pure magnetic field, the zero point energy 



Oe 



87r2 
where 

' cothx 1 1 



r e-^^^I^F{x)HE-, (8) 

JO X 



Fix] 



HE 



(9) 



X 3 

where Be = mlc^ /eh ~ 4.41 • 10^^ G is the critical QED magnetic field. The results of the present 
paper concern mainly with fields B < Be- 
lli the Casimir effect the motion of virtual photons perpendicular to the plates is bounded and 
we have the photon energy eigenvalues 



es = c^pi+Pi + iVs)^. (10) 

Due to the breaking of the rotational symmetry, the p^ components of the vacuum modes are 
discrete, p^ = Vs where s = 0, ±1, ±2, .... Here V = 2Trh/d, where d is the distance among 
the plates. This makes the zero point electromagnetic modes inside the box axially symmetric 
in momentum space. Thus, in both problems there is a quantity characterizing the symmetry 
breaking, (and the wavelength in some direction). These quantities are respectively, the pseudo- 
vector Bi, determining Xl{B), and the basic vector momentum Vi = Vdsi, perpendicular to the 
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plates (taken parallel to the xi,X2 plane). Observe that the term in the Casimir effect is 
proportional to h"^, whereas in the magnetic field case, the term replacing is_^roportional to H. 
After taking the sum over Casimir modes and subtracting the divergent part one gets a finite 
negative term, the well known Casimir energy density 

- "7^ - ~7m^- ^^^^ 

IV. VACUUM PRESSURES 
A. Magnetized vacuum 

We will consider the vacuum case, when the Lagrangian depends on a non vanishing field 
derivative, as it happens when there is an external field = = X2, xi, 0, 0]/2 describing a 
constant magnetic field (taken along the 3-rd axis), which generates non- vanishing spatial tensor 
terms through the gauge invariant electromagnetic field tensor < A^^ — A^^^ >= J^/f. From the 
previous expression for r2oe(< 0), this leads to anisotropic pressure terms of form Pq± = Tj = 
-noe6)-Hidnoe/dTi), or 

Po± = = Ti = n = -noe-BM, (12) 

where A4 = —d^oe/dB, is the vacuum magnetization, and i = 1,2, j = 2,1. The anisotropy is due 
to the arising of a negative transverse pressure, generated by an axial "force" : the quantum analog 
of the Lorentz force, arising when the magnetic field acts on charged particles having non-zero spin 
P] , and leading to a magnetization of vacuum parallel to B . The component 

is the pressure along the magnetic field B. We remark that eqs. p2() . ()13() are approximation- 
independent. 

One loop calculations give 

roo 

Moe = -2n^e/B - {aBjSTT^) / e-^^''/^F{x)HEdx. (14) 

Jo 

It is easy to verify that TWoe > 0. Thus, vacuum shows a paramagnetic behavior. Concerning the 
transverse pressures Poe± = —^Oe — BAi^e, we get 

i-OO 

= Poe± = + {aB,B/8Tr^) / e-^^"/^F(x)j^Bdx. (15) 

Jo 
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Both terms in (|15() are negative, thus, -Poe± < 0- This leads to magnetostrictive effects for any 
value of the magnetic field B since QED vacuum is compressed perpendicularly to B, due to the 
negative pressures, and as the pressure Pqs is positive, it is stretched in along B. This could be 
tested by placing a body (non necessarily metallic) parallel to it. It would be compressed in the 
direction perpendicular to B. This is reasonable to expect: the virtual electrons and positrons are 
constrained to bound states in the external field, but moves freely in both directions along the 
field. For a wide range of values of B, we have that f^oe < and A^oe > holds also if radiative 
corrections are included (see below). 

As fields currently achieved in laboratories are very small if compared with the critical field Be, 
in the limit B « Be one can write, 

°^ "360^ " "5760F' ^^^^ 

where the characteristic parameter is b{B) = nXj^/Xc- Here is the magnetic wavelength defined 
previously and Ac is the Compton wavelength Ac = h/mc. The energy density is then a function 
of the field dependent parameter b{B). we can approximate (|15() as Poe± ~ SJloe < 0. It can be 
written 

"i9m^' ^^^^ 

For small B fields of order 10 - lO^G, Poe± is negligible as compared with the usual Casimir 
pressure. But for larger fields, e.g. for B ^ 10^ G it becomes larger; one may obtain then pressures 
up to Poe± ~ W~^dyn cm~'^ . For a distance between plates d = 0.1cm, it gives Pqc ~ W'^'^dyn 
cm~'^, (see below) i.e., five orders of magnitude smaller than Poe±- This is interesting since a 
test body (even non metallic) placed on the magnetized vacuum is stretched along the field and 
compressed orthogonal to it. The vacuum stretching effect could be tested more easily at present 
times, since magnets producing large field intensities are being constructed, (for instance, those 
being used at CERN for the LHC collider, reaching fields near 10^ G). 

The consideration of the next order loop approximation would lead to terms having the same 
field dependence structure, for small as well as large fields. These corrections are of order a times 
the one loop case (and the same sign), irrespective of the magnitude of the field. In particular, 
for very large fields B » Be, ^oe ~ (^^ — Cij, where Ci = 2.29191... is a constant. 

The two- loop correction is adapted to our notation from calculations obtained by RitusQ], and it 
leads in the small field limit to Jlgg ~ —-^^^ and for large fields to J7gg ~ "■^^ (l^i + C2^, 
where C2 is another constant. Thus Ooe and have the same functional dependence on B, being 
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^Oe ~ Oi^Oe- We expect that this behavior is kept for higher order loops, which does not change 
essentially our results. 

B. Casimir and black body tensors 

In the Casimir effect case, the field derivatives A^^^ in momentum space contain the discrete 
sums in analogy to the temperature case. Starting from the Casimir energy density, we have the 
following pressures 

^3' = ^'a, = ^^-".c = 3«„c = -^<0, (18) 

which is the usual Casimir negative pressure and 

= Pc± = -noc = ^>0 (19) 



720^4 

which is a positive pressure acting parallel to the plates in the region inside them. This is a second 
Casimir force. (This is not the so-called lateral Casimir force described in Ref . [isl ) . 

We remind that for black body radiation in equilibrium 16] it is T^^j = — Of,5*-, where i,j = 1, 2, 3, 
and = —Ub = S^lb = — vr^T^/lSTi'^c^. One must remark that the usual Casimir pressure 
corresponds to minus the energy of the black body radiation at T = Tcas-, e.g., Pc3 = Tf^ = 

—Ub and the Casimir energy corresponds to minus the black body pressure Tf^^ = — Oqc —^b, 
that is, both tensors are similar under exchange of their components. 

C. Magnetized fermion hot vacuum 

We use the name "hot vacuum" in statistical QED to describe an electrically neutral electron- 
positron gas at temperature T (for which obviously the chemical potential ^ = 0) in thermal 
equilibrium with black body radiation ^3]- If T — > 0, the density of these particles decrease to 
zero and one is left with the usual quantum vacuum limit. Hot vacuum conditions may occur for 
instance around a neutron star if thermal radiation coexists with pairs due to 7 radiation decay. 
If it is placed in an external magnetic field, its fermionic thermodynamic potential describes 
a neutral gas of magnetized electrons and positrons, which grows with T. In the limit T — > one 
gets in the quantum relativistic temperature formalism j[l3| the usual vacuum Euler-Heisenberg 
energy density term. In studying the magnetic properties in the first loop approximation, there 
is no contribution from the photon gas in equilibrium with the electron-positron system, since in 
that approximation, the photon interaction with the magnetic field is not included. However, the 
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total hot vacuum thermodynamic potential must take into account the background electromagnetic 
blackbody radiation O^y = ^fHV + ^bHV, ^bHV = -(2^ - e~V^I^)d^p = The 

thermodynamic potential is then fljHV = ^Oe + f^/T; where i^fx is the temperature fermion sector 
(in which (3 = ^) 

^/^=4^|5(-^)"/o $--'^''''-'^--MeBnct). (20) 

Notice that this term is analog to the Casimir -Euler-Heisenberg contribution to the effective 
Lagrangian obtained by Cougo-Pinto et.al. in Ref.^] for the Casimir effect in presence of a magnetic 
field, if the transformation kT fic/2d is performed (d is the separation between plates). 

From the expression for the thermodynamic potential, we get the pressure in the direction 
along the magnetic field PfHVS = ~^fHV > 0) the hot vacuum magnetization MfHV = 
-d^fHY /dB = Moe + MfT, with 

-^/T = -^ + ^E(-irX ye— -^smh-(ei.M. (21) 

n=l 

The vacuum magnetic response conduces to the achievement of anisotropic pressures: the perpen- 




FIG. 1: Fermion hot vacuum thermodynamic potential dependence on the magnetic field B for T = .2Tc = 
1.186 • 10^ K (lower curve), T = Tc= = 5.930 • 10^ K (upper curve). Dashed line corresponds to the pure 
vacuum contribution Hq^ and with dotted line we represents ri/T- It is easy to see that for eBhc 3> (kT)'^, 
^fHV ~ f^Oe, and for eBhc ^ (kT)'^, ^/hv ~ f^/r- 
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dicular pressure is Phv± = —^HV — BM-j-^y = Poe± + Pt±, where 



Pfr. ^ Zi-rrr'ie---'-^s^.-H.Bn.., (22, 

n=l 

The total hot vacuum energy is given by 

UfHV = '^~ffp~ ~ ^fHV, (23) 

which, under the exchange kT — > ?ic/2d, leads to the Casimir electron-positron pressure under the 
action of the magnetic field plus the usual virtual photon pressure. Then the total pressure along 
the magnetic field is 

Pf3 = UfHv{kT = hc/2d). (24) 

It is easy to check that for strong fields (or small temperatures), i.e., when eBfic ^ {kT)'^ holds, 
the temperature effects can be neglected since f^oe J^/t (see Fig. P), and the system behaves 
very similar to the pure magnetized vacuum. This result might be of interest for instance in the 
study of neutron stars, if we assume its magnetosphere as composed by an electron-positron gas in 
chemical equilibrium with decaying 7 quanta. For magnetic field intensities satisfying the previous 
inequality, the magnetic properties of neutron star magnetosphere pressures behave like those of 
the magnetized quantum vacuum case. When eBtic <^ {kT)"^ , we have ^jhv ~ ^/T- Then the 
transverse pressure becomes positive and tends to equalize the parallel pressure: the behavior 
slightly deviates from the isotropic black-body case. The reader can check that a similar analysis 
is valid for the Casimir effect in a magnetic field, for eBTic S> (ficjld)^ and eBhc <C {hc/2d)'^, 
respectively. 



V. CONCLUSIONS 



The effect of a constant homogeneous magnetic field modify QED vacuum zero point energy and 
magnetize the vacuum. We have reasons to expect that higher order corrections does not changes 
the essence of this behavior. A positive pressure is exerted in the direction parallel to B, while 
negative perpendicular to B pressures appear. This means that vacuum shrinks perpendicular 
to the magnetic field and freely fiows parallel to it. This could be tested by placing a body 
(non necessarily metallic) in the magnetized vacuum. It would be compressed in the direction 
perpendicular to B. This is reasonable to expect: the virtual electrons and positrons are constrained 
to bound states in the external field, but fiows freely in both directions along the field. That motion 
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of virtual particles can be interpreted as similar to the real electrons and positrons, describing 
"orbits" having a characteristic radius of order A = ^JhcfeB in the plane orthogonal to 5, but the 
system is degenerate with regard to the position of the center of the orbit. One must remark that 
our results can be applied to the case in which the magnetic field is inhomogeneous, if the region 
in study is divided in volumes small enough such that the field can be considered approximately 
homogeneous in each of them. Then it is easy to conclude that the transverse pressure will increase 
towards the region where the field is larger. For instance, if the field has axial symmetry, having 
its maximum value on that axis, and decreasing as we move out from it, the resultant negative 
pressures will be directed to that axis of symmetry. 

The arising of negative pressures in the magnetic field case bears some analogy to the Casimir 
effect, and correspondingly, in addition to the well known negative pressure, a second positive 
Casimir pressure acting parallel to the plates is obtained. The combined effect of these two pressures 
leads to a flow of vacuum parallel to plates which would mean a transfer of momentum to test 
particles located in the cavity. 

After studying temperature effects on the properties of magnetized QED vacuum, we conclude 
that for eBhc S> hot vacuum shows an anisotropic behavior. The transverse pressure becomes 
negative, due to the effect of vacuum magnetization. For eBhc <^ hot vacuum behaves very 
much like usual isotropic black body radiation. 

In all the three studied cases the anisotropy is achieved due to the symmetry breaking in one 
or more space-time directions. 
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